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Abstract. We show that if an Eisenstein component of the p-adic Hecke 
algebra associated to modular forms is Gorenstein, then it is necessary that 
the plus-part of a certain ideal class group is trivial. We also show that this 
condition is sufficient whenever a conjecture of Sharifi holds. 

1. Introduction 

In this paper, we study whether the Eisenstein component of the p-adic Hecke 
algebra associated to modular forms is Gorenstein, and how this relates to the 
theory of cyclotomic fields. We will first prepare some notation in order to state 
our results. See section fOl for some remarks on the notation. 

1.1. Notation. Let p > 5 be a prime and N an integer such that p \ ip(N) and 
p \ N. Let 9 : (Z/NpZ) x — > Q* be an even character and let x — u~ 1 6, where 
oj : (Z/NpZ) x —> (Z/pZ) x — > Z x denotes the Teichmiiller character. We assume 
that 6 satisfies the same conditions as in [S] and |K-Fj - namely that 1) 9 is primitive, 
2) if Xlz/pzx = 1, then x\(z/nz)x (p) ¥= h 3) if N = 1, then 9 £ J 1 . 

If <j> : G — > Q p is a character of a group G, let Z p [</>] denote the Z p -algebra 
generated by the values of <fr, on which G acts through (j>. If M is a Z p [G]-module, 
denote by the </>-eigenspace: 

M = M ® Zp[G] Z p [<f\. 

Let 

H' = \^H l (X 1 {Np r ),Z p )° B rd 

and 

H' = ]pnH 1 {Y 1 (Np r ),Z p ) e rd , 

where ord denotes the ordinary part for the dual Hecke operator T*(p), and the 
subscript refers to the eigenspace for the diamond operators. 

Let \)' (resp. $)') be the algebra of dual Hecke operators acting on H' (resp. H 1 ). 
Let / (resp. X) be the Eisenstein ideal of f)' (resp. f)'). Let fj denote the Eisenstein 
component ij = Sj' m the localization at the unique maximal ideal m containing X. 
We can define the Eisenstein component fj of fj' analogously. Let H = H' (g)^/ Sj 
and H = H' (gy f), the Eisenstein components. 

Let Gq = Gal(Q/Q). For a GQ-module M, let M + and M~ for the eigenspaces 
of complex conjugation. 

Let Qoo = Q(Ovp°°); l e t M be the maximal abelian p-extension of Qoo unram- 
ified outside Np and let L be the maximal abelian p-extension of Qoo unramified 
everywhere. Let X = Gal(M/Qoo) and X = Gal(i/Qoo). 

l 
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Let A = Z p [[Gal(Qoo)/Q)]]fl) the Iwasawa algebra. 

1.2. Statement of Results. Many authors have studied the Gorenstein property 
of Hecke algebras, and its relationship to arithmetic (cf. |Kur j . for example). Ohta 
has the following theorem. 

Theorem 1.1. (Ohta, [02]) Suppose that = 0. Then Sj is Gorenstein. 

Skinner and Wiles have obtained similar results using different methods |S- Wj . 
This is a sufficient condition for Sj to be Gorenstein. The main result of this paper 
gives a necessary condition that is conjecturally also sufficient. 

Theorem 1.2. Suppose that X~ =^ 0. Then 

1) If is Gorenstein, then = 0. 

2) If Sharifi's conjecture is true, then = implies f) is Gorenstein. 

Remarks 1.3. Sharifi's conjecture is stated in ([S], 4.12). It says that the map 
T, described in section 12.41 below, is an isomorphism. In fact, for the proof of 
theorem 1 1.21 (2), we only need that it is a surjection. For partial results on Sharifi's 
conjecture, see [K-Fj . 

Note that X^ is a quotient of , which appears in Ohta's result. If Sharifi's 
conjecture is true, then this is a stronger result. 

The assumption X~ =/= is just to make the result interesting: if X~ = 0, then 
i0 = A. 

From Ohta's and Skinner- Wiles's results, one may hope that Sj is always Goren- 
stein, but our result shows that this is not true. 

Corollary 1.4. The ring f) is not always Gorenstein. 

Proof. We need only find p, N and 9 satisfying the assumptions of 11.11 and such 
that X^ ^ and X~ ^ 0. To find an example, we first note that, by Iwasawa 
theory (cf. section 3), the condition Xg ^ is implied by the condition that £g~ is 
not cyclic as a A-module. By the theory of Iwasawa adjoints (cf. section 4), Xq is 
not cyclic if X~_ 1 is not cyclic. 

One way to search for examples is to find an odd primitive character x of con- 
ductor pN (with p \ ip(N)) and of order two such that X~_^ = X~ is not cyclic 
(and hence not zero). 

To find such a character, we look at tables of class groups of imaginary quadractic 
fields (|B ) and find that, for p = 5 and N = 350267, the p-Sylow subgroup of 
the class group of Q(\/— Np) is not cyclic. Let \ '■ Gq — » {±1} be the character 
associated to Q(y / —Np); since Q(\/—Np) embeds into Q(CjVp), this factors through 
(Z/NpZ) x . This is the required x- 

□ 

We also have applications to the theory of cyclotomic fields, as in |Q2) . 

Corollary 1.5. Assume Sharifi's conjecture, and that X^ — 0. Then the following 
are true: 

1 ) X x -i is cyclic. 

2) f) is a complete intersection. 

3) I is principal. 
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4) T is principal. 

Proof. Item [T] follows from X^ = via the Iwasawa Main Conjecture and the 
theory of Iwasawa adjoints (cf. section |4|). Now, from our assumptions, we have 
that Sj is Gorenstein. The other items now follow from ( |Q2j . corollary 4.2.13). □ 

Remark 1.6. In the case N = 1, the assertion X + = is called Vandiver's con- 
jecture. The previous corollary says that if Vandiver's and Sharifi's conjectures 
are true, then the structures of the Hecke algebras and Iwasawa modules are very 
simple. 

1.3. Outline of the proof. The idea of the proof comes from Kato and Fukaya's 
work on Sharifi's conjectures |K-F] . They consider the Drinfeld-Manin modification 
Hdm = f) ®sj H of H and some subquotients: 

U = Hdm/H, v = h-/ih-, Q = (Hjm) IV. 

Using Otha's theory of A-adic Eichler-Shimura cohomology, one can show that 
H~ = FIomA(,f), A), and thus that Sj is Gorenstein if and only if H ~ is free of rank 
one as an f)-module. 

We construct a commutative diagram: 

(*) £®A — ^Hom(ft,Q)<g)Honi(Q,7>) 

A/f ® X X *- V 

The unlabeled maps are the natural ones, and £ € A denotes the p-adic Riemann 
zeta function. In section 2, we describe the top horizontal map, and we show that 
Sj is Gorenstein if and only if the clockwise map X<E)X — > V is surjective. In section 
3, we describe the map v' and show that the diagram is commutative. It is known 
that if Sj is Gorenstein, then T is an isomorphism. Since X~ ^ 0, we get that if 
Sj is Gorenstein, then v' is surjective. In section 4, we recall the theory of Iwasawa 
adjoints, and use this to show that v' is surjective if and only if X~q = 0. This 
completes the proof of the first statement. 

In Sharifi's paper [5J, he formulates conjectures that imply that T is an iso- 
morphism even without the hypothesis that Sj is Gorenstein (cf. |K-F| ). If T is 
surjective and X^ = 0, then v' is also surjective, so the clockwise map X<8> X — > V 
is surjective, and so Sj is Gorenstein. 

1.4. Remarks on the Notation. There are many small choices of notational 
convention in this area of study, and it seems that every author has a different 
convention. The major result that is used in this paper comes from |K-F| . so we 
align to their notation. 

We use the standard model for X 1 (M): as the moduli space for (E, Z/MZ C E) 
elliptic curves with a subqroup isomorphic to Z/MZ. Sharifi and Ohta use the 
model that is a moduli space for (E, Z/MZ(1) C E), which effects the Galois 
action (cf. proposition 12.11) . In the notation of |K-F] . we use the model X\[M), 
where Ohta and Sharifi use the model X[ (M) . 

We use the algebra of dual Hecke operators T*(n), but the eigenspace with 
respect to the usual diamond operators (a). In effect, this means that our Hecke 
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algebra would be denoted by Sjm ^ in [3] . We hope that, with this dictionary, the 
reader may now easily translate between the various papers mentioned herewith. 

Finally, throughout the paper, we use notation such as Xt , which is redundant 
since X^ = Xg. However, we find it helpful, since the plus-minus parts often 
determine the most important behaviour, and it can be difficult to remember the 
parity of the characters. We hope that this does not cause any confusion. 

f .5. Acknowledgments. The author thanks Professor Kazuya Kato for suggest- 
ing this problem, and for his unceasing encouragement and patient advice during 
the preparation of this paper. The author also thanks Romyar Sharifi for his useful 
comments and suggestions. 

2. Galois Actions 

In this section, we recall some results on H/IH. These results are mainly due 
to many authors - Ohta, Mazur- Wiles, Sharifi, Fukaya-Kato. See f |K-F] . section 
6) for an excellent exposition, including proofs. The purpose of this section is to 
construct the clockwise map in the commutative diagram (*), and show that it is 
surjective if fj is Gorenstein. 

2.1. Let C = Frac(A). For a A module M, we use Mc = M®i^C. It is known that 
H + (resp. H^) is a free f)-module (resp. f)£-module) of rank 1. Choosing bases 
allows us to decompose the Galois representation Gq — > Autf^ {H^ L ) = GL 2 {i)c) 
into 4 homomorphisms: 

a(a) e Hom k (J?- £ ,ff- £ ), b(a) e Hom b/ .(ff+ , if" ), 

c(a) e Hom^- ,H+J, d(a) e Hom 6jC (J?+ , H+ c ). 

We may consider a(a),b(a) etc. as elements of t)c- Let B (resp. C) be the 
f)-submodule of t)c generated by the b(a) (resp. c(ct)). It has been shown by Ohta 
that BC = I. It is known that B (resp. C) is generated by {b(j) | r € Gal(Q/Q oc )} 
(resp. {c(r) | r € GaKQ/Q^)}) (cf. 0, Prop 4.2). 

2.2. As in ( |Q2j . section 4.2), we also have a commutative diagram of rj-modulcs 
with exact rows: 

*~ H+ H R- *~ 

H + Hdm »- H DM s- 

The cokernel of the middle vertical arrow is, by definition, 1Z. By (loc. cit.), we 
have TZ = f)/I = A/£. This is a torsion A-module, so tensoring C makes the all the 
vertical arrows into isomorphisms. So we see that (H^ )M )f )c is a free f)£-module of 
rank 1 - let e~ 6 0^dm)()£ ^ e a basis element. Let e + € H + be a basis as an [) 
module, and, by abuse of notation, let e + also denote its image in H^ . 

By (loc. cit.), the bottom exact sequence splits as f)-modules, so H D m = H + ® 
Hdm- We can decompose the Galois represention Gq — >• Am^^dm) (similarly to 
G Q -> Aut^^J): 

a(a) € Romt,(H^ M ,H DM ), b(a) E Uom tj (H + , H DM ), 
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c(a) € Honif, (Hp M , H + ) , d{a) € Homr,(#+, 

Since everything is rank 1 after tensoring £, we may consider a(a),b(a), etc. as 
elements of f)£ - to avoid confusion, let us write 6^ for the element of f)£ such that 
&(cr)(e + ) = Sere - (similarly, c(er)(e~) = c CT e + , etc.). We let B (resp. C) be the 
f)-submodule of f)£ generated by the elements b a (resp. the elements c CT ). 

Note that, since H®C = Hdm®£ and H~ ®C = -ff^ M <g>£, we have BC = BC. 
Thus 5(7 = /. 

2.3. Let {0,oo} £ Hdm denote the class corresponding to the homology class of 
the path from to oo. The quotient 1Z is free of rank 1 over f)// with canonical 
basis {0,oo} ([02], section 4.2). 

2.4. The action of Gq on 1Z, V, Q is known, and is summarized by the following 

Proposition 2.1. V is a Gq-submodule of H/IH; a £ Gq acts as k(it) _1 on V 
and 1Z and as on Q. 

Sharifi has defined a map 

T : X -> Romt,(Q,V) 

where T(tr) is induced by the map a; i— > [a — l)x, for x G H/IH: since the action 
of X on V is trivial, this factors through Q; since the action of X on Q is trivial, 
we have (a — l)x £ V for all x £ H/IH. 
We can similarly define a map 

6 : X ^ Rom^iTZ, Q) 

where 0(t) is induced by the map r t— > ((t — l)r mod /) mod V, for r £ Hum'- 
since X, acts trivially on Q, we see that this factors through 1Z; since X acts trivally 
on 1Z, we see that (t — \)r £ H for any r € Hdm- 

We have a natural map Hom(7vl, Q) <£> Hom(Q, V) —¥ Hom(7?., V), given by com- 
position. There is then a natural map Hom(TZ,V) — > V given by evaluation at 
{0, oo}, the canonical basis of 7Z. 

We obtain the clockwise map $ : X X — > V in the commutative diagram (*): 
it is given by $(r <g> a) = T(cr) o 9(r)({0, oo}). 

2.5. We have the following result about the image of $. 

Lemma 2.2. The image of & is 7{0,oo} 7 where I is the eisenstein ideal. 

Proof. Let C(r) : H~ — > H + denote the restriction of r — 1 to H~ followed by 
the natural projection to H + . Similarly, let B(a) : H + — > H~ denote the correct 
component of a— 1. Note that, since, by the Eichlcr-Shimura theory, HomA(f), A) = 
H~ , we have Homi,(i? _ , H~) = (). In particular, the composition B{o)C{t) £ f). 
Note further that the maps C(r) and B(a) are the same as the maps c(r) and b(a) 
of section [2~T1 

We then have that the rj-module generated by {B(a)C(r) \ er, r £ X} is /. The 
image of $ is generated by £?(ct)C(t){0, oo}, and so it is equal to I{0, oo}. 

□ 

This leads to the main result of the section. 
Proposition 2.3. is Gorenstein if and only if the map 4> is surjective. 
The proof follows from the next two lemmas. 
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Lemma 2.4. If is Gorenstein, then Hdm is free of rank 1 with basis {0, oo}, 
and H~ = /{0, oo}. In particular, V is generated by the image of I{0, oo}. 

Proof. The assumption Sj is Gorenstein means that we have HomA(-f), A) = f) as 
J5-modules. We know from Ohta's Eichler-Shimura therory that H/H + = H~ = 
Hom\(S), A). We see that Hp M is a free l)-module of rank 1. 

Now, since H~/H~ is generated by {0,oo}, as an ^-module and H~ is free of 
rank one, we see that H~ is also generated by {0, oo}. 

Wc have the commutative diagram: 

^ H~ ^ H DM + K + 

I ^ f) f)/7 ^ 

where the centre and rightmost vertical arrows are the isomorphisms given by 1 t— > 
{0, oo}. We see that H~ = 7{0, oo}. □ 

Lemma 2.5. IfV is generated by /{0, oo}, then Sj is Gorenstein. 

Proof. By Nakayama's lemma, H~ is generated by 7{0, oo}. Then, in the diagram 

R~ H~ s- H-/H- *~ , 



^1 ^Sj ^Sj/I ^0 

where the centre and rightmost arrows are given by 1 i-> {0,oo}, the leftmost and 
rightmost arrows are surjective. We see that the H~ = HomA(,f),A) is generated 
by one element, and so is Gorenstein. □ 

3. Relation to cyclotomic units 

In this section, we recall some definitions from the theory of cyclotomic fields. 
We apply these ideas to construct the map v' in the diagram (*). We then show 
how a result of Fukaya and Kato implies that (*) is commutative. 

3.1. Let U be the group of principal local units and E be the group of principal 
global units with respect to the tower Q(/i p ™), as in (jW], section 13). Recall that 
U/E = Gal(M/L), where M and L are as in 11.11 We get an exact sequence: 

(3.1) 0^ E^U -^X^ X ->0 

3.2. The Hilbert symbol 

( , ) r : U x U fipr 

given by 

o-b r {aV P ) 



(a,b) r 



al /pr 



where Ob r is the image of b r under the Artin map. We also have 

[ , ] r :-BxI-> fj, p r 
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given by 

\ U l°\r = TJ^~ 

Choosing a compatible system of jZ-th roots of unity, we can and do identify fj, p r 
with Z/p r Z. 

We have a Kummer pairing maps 

( , )i<um ■■ U x U -> A, [ , ] Kum :£xI^A 

given by 

(a, fr)gmn = hm ^ (cr c (a),6) n (c _1 ), 

ce(z/Af P "Z)x 

[m, o)Kum = hm ^ [cr c (u),cr]„(c _1 ), 

ce(z/ATp"Z)x 

where cr a is defined by 

Cc(Ovp™) = Cat p ™- 

3.3. commutivity In particular, we have a map 

v : A 

given by i^(cr) = [(1 — Ovp™), c]i<- um , the pairing with cyclotomic units. The map 
v* '. 3C — y A/£ in the diagram (*) is the composition of v with the natural map 

A^A/e 

Proposition 3.2. The composite 

3L®x -^i A/c ® x — a: — ^ -p 

coincides with the map <E> 

This proposition is exactly saying that the diagram (*) is commutative. This is 
a restatement of the following theorem of Fukaya and Kato ( |K-F] . section 9). 

Theorem 3.3. Let £ denote the natural extension oflZ by Q, given by their struc- 
ture as subquotients of Hjjm- Then the class of £ is given by cyclotomic units. 



To explain how proposition [33] follows from this, we must explain what is meant 
by 'is given by cyclotomic units'. 

The modules 7Z and Q are both free of rank one as A/£-modules, with canonical 
bases. By proposition l2.il we have canonical isomorphisms of A/(^)[G(j]-modules: 

ft = A/£(-l), Q = A#/e, 

where A# denotes A with a 6 Gq acting by (a -1 ) where a((Npr) — C% p r for any r. 
Thus group of extension class of TZ by Q coincides with the group 

E x t 1 A/{i)[Gii] (A/a-l),A*/O^H 1 (Z[l/Np],A#/ai))- 

As an element of this Galois cohomology, the class £ is given by the map of 
section 12.41 

We have a natural map 

H\Z[l/Np\,K#{l))^^H\Z[l/Np],K#/i{l)). 

The map v gives an element of H 1 ('L[\/Np] 1 A#(l)), and theorem 13.31 savs exactly 
that j(v) = v 1 = £. Thus v' = 0, whence proposition 13.21 
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4. Iwasawa Adjunction 
In this section, we recall the theory of Iwasawa adjoints in terms of Ext. 

4.1. We recall the interpretation of X and X in terms of Galois cohomology. Let 
G r = Gal(K/Q((Npr)) and Goo = Gal(if/Qoo), where K is the maximal Galois 
extension of Q(Gvp) that is unramified outside Np, and Qoo is as in 11.11 Let 
H lo = Hi(G r ,1 p ). We have 

X = H 1 (G 00 ,Q P /Z P ) W , 

where (— ) v denotes the Pontryagin dual, and an exact sequence 

->■ X(-l) -> -> Z p Z p -> 0. 

V 

Thus for any non-trivial character 0, X{— 1)^ = (H^)^. 

4.2. For a A-module M, denote by E*(M) the group Ext A (M,A). The group 
E 1 (M) is called the Iwasawa adjoint of M. We recall some generalities. 

Proposition 4.1. For any finitely generated A-module M , let T${M) be the max- 
imal finite submodule of M, and let T\(M) be the A-torsion submodule of M. We 
have the following for any finitely generated A-module M : 

1) The module E {M) is A-torsion. 

2) If M is A-torsion, then T (E 1 (M)) = 0. 

3) E 1 (M/T {M)) = E 1 (M), and E 1 (M) = if and only if M/T (M) is free. 

4) EP(M) — T (M) V . 

5) E 1 (E 1 (M))=T 1 (M)/T (M). 

6) E 1 (M) is finite if and only ifT\{M) is finite. 

Proof. See ( [N-S-Wj . section 5.4). □ 

This is relevant to our situation because of the following proposition. 
Proposition 4.2. There is a spectral sequence of finitely generated A-modules 

E™ = ^(ZT'tGoo.Qp/Zpn 
Proof. This is a special case of ([J], theorem 1). □ 
Corollary 4.3. We have X~_ t = F}(Xj) and E 1 (X~_ 1 ) = Xj. 

Proof. In the spectral sequence of proposition I4.2[ we have E 2,0 — E®' 2 = 

J P /Zp) 



(E%° = is in ([J], Lemma 5), and E% 2 = because H 2 {G 00 , Q p /Z p ) = by 



the abelian case of Leopoldt's conjecture). This gives an isomorphism = 
E 1 (ff 1 (G ! oo,Q P /Z P ) v ) = E 1 (X). Thus, 

X~_, = X--i(-l) = X-(-l) e -i = (HDe-! - E 1 ^)^ = E\X+). 

We now have E 1 (X~_ 1 ) = E 1 (E 1 (X+)) = T 1 (X+)/T (X+) using proposition O 
item[5l The result now follows from the fact that X + is torsion and has no non-zero 
finite submodules. □ 
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4.3. For the remainder of the section, we consider the resriction of v to X 

' x ' 

which we also denote by v : X~_i — > A. Let £ x -i £ A be the characteristic power 
series of X x -i. For more on this, see [W] . We require some lemmas. 

Lemma 4.4. There exists a natural commutive diagram with exact rows: 

^ fJ- s- 3T_ X X~ i »- 

X X X 

^ A ^ - A ^ A/£ x -i ^ 

Thus the map v induces a map V : X~_ x - > A/£ x -i. By lemma f4.3[ we have 
E 1 ^) : A/£ x -i — > 3£g". The next lemma describes the kernel and cokernel of E 1 ^). 

Lemma 4.5. There is a natural exact sequence: 

E+/C+ A/e x -i — X+ X+ 0, 

where E^ is the group of global units and is the cyclotomic units. 

Corollary 4.6. The following are equivalent: 

1 ) X^~ is finite. 

2) E+/C+ = 0. 

3) E\(v) is injective. 

Proof. By the Iwasawa main conjecture, the characteristic ideals of X + and E + /C + 
are equal. Thus X~g is finite if and only if E^/C^ is finite. But Ef /C^ injects 
into A/£, which has no nozero finite submodules, so E~g jC~g is finite if and only if 
Eg /Cg = 0. This gives the equivalence of 1) and 2). The equivalence 2) and 3) is 
immediate from lemma [4~5l □ 

We leave the proofs of lemmas 14.41 and 14.51 to the next section. Using these 
lemmas, we get the following result. 

Proposition 4.7. 1) We have E 1 (coker(v)) = fcer(i? 1 (l7)). 
2) Assume Xjj~ is finite. Then we have coker{E x (77)) = coker(V) v . 

Proof. For ease of notation, we let B C A/£ x -i be the image of V, K. = ker(77), and 
C = coker(F). 

Applying the Iwasawa adjoint to the sequence 

x 1 

we get 

s-E 1 ^) ^E 1 (X-_ 1 ) s-E^/C) »-0 

noting that E°(/C) = E 2 (£) = 0. 

Applying Iwasawa adjoint to the sequence 

B -> A/f x -i C ->■ 

we get 

^-E^C) »-E 1 (A/f x -i) ^-E 1 ^) *-E 2 (C) »-0, 
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noting that E°(B) = E 2 (£) = 0. 

1) Since the composition E 1 (A/^ x -i) E X (B) -> E 1 ^^) is E 1 ^), we see that 
ker(E 1 (T7)) =E 1 (C). 

2) By corrolarv 14.61 and part 1), we see E^C) = 0. By proposition 14.11 this 
implies that C is finite and E 2 (C) = C v . 

Putting this together, we get a commutative diagram with exact rows 

A/k-i ^ X+ X+ 

^E 1 (B)^^Ie 1 (X-_ 1 ) s-E^/C) »-0 

which implies that E 1 (/C) is a quotient of Xf, and is thus finite. By 14.11 we have 
that TxQC) is finite, but JC C -^"-i is torsion, so JC is finite. But X~^ = E 1 (X^"), 

so AT", has no finite submodules - thus JC = 0. 

x 1 

Finally, the sequence 

^-^—E^A/f^ >C -0 

yields 

^(A/^-O— E 1 ^) -E 2 (C) -0 

so C v = E 2 (C) = cokcr(E 1 (i7)) = X+ . □ 
4.4. We now explain how proposition 14.71 implies our main result, theorem 11.21 
Theorem 4.8. If fj is Gorenstein, then X^ = 0. 
Proof. Recall the diagram 

(*) X®X — ^Hom(^,Q)«)Hom(Q,7') 

A/f ® X »- X V. 

This is commutative by proposition 13.21 Since f) is Gorenstein, proposition 12.31 
implies that the map X® X — > V is surjective, and T is an isomorphism ( |Q3j . cf. 
([5], Prop 4.10)). Thus v' is surjective. 

Now, by proposition ^. 21 v' = 8. Since the character of Hom(7\L, Q) is x 1 an( i @ 
is Galois-equivarient, we see that v' factors through X x -i. By Nakayama's lemma, 
v' : X x -i — > A/£ is surjective if and only if v : — > A is surjective. If v is 
surjective, then v is surjective. 

We now have that V is surjective. Then by proposition 14.71 part 1), we have 
that E 1 ^) is injective, and so X^ is finite by corollary 14.61 We may now apply 
proposition 14.71 part 2), which implies that coker(E 1 (77)) = 0. But coker(E 1 (77)) = 
Xg by lemma l4~5l □ 

We also have the partial converse. 

Theorem 4.9. If X^ = 0, then v' is surjective. If, in addition, T is surjective, 
then $ is surjective and, in particular, is Gorenstein. 
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Proof. It is immediate from lemma 14.51 and proposition 14.71 that = implies 
that V is surjective. From the assumption p | B± tX we see that £ x -i is not a unit. 
By Nakayama's lemma, we have that v is surjective, and thus that v' is surjective. 
The second statement follows from the commutative diagram (*) and proposition 
1231 □ 

Remark 4.10. Sharifi's conjectures imply that T is an isomorphism, and so this 
completes the proof of 11.21 



5. COLMAN POWER SERIES AND EXPLICIT RECIPROCITY 



The purpose of this section is to prove lemmas 14 . 4 1 and 14751 The method of proof 
is to show that the map E 1 (y) coincides with the composite 

A /e x - u+/c+ -► x+ 

where C is the groups of cyclotomic units, A/£ x -i — > U + /C + is the isomorphism 
of Iwasawa's theorem defined by Colman power series, and U + /C + X + is the 
natural map from the sequence 13.11 We first review the theory of Colman power 
series and the relation to explicit reciprocity. 

5.1. The Colman power series map col : U — > A is defined by col(u) = £(/«,), 
where f u is the power series satisfying f u (l — Cwp") = u n , and 

1 ( fiTY 
£(f)(T) = -log! 



p °\/(l-(l-T)?), 

We use the standard notations D = (1 — T)d/dT and oj r = 1 — (1 — T) p , and we 
use f * g for the multiplication in A - in terms of power series this is induced by 
(1 - T) * (1 - T) = (1 - T) - and t for the Tate twist t(l - T) = (1 - T)~ l . The 
following lemma is proved in |P-R] , but the situation in that paper is quite general, 
and so it may be difficult to see how the results there apply here. We produce a 
proof here for the convenience of the reader. 

Lemma 5.1. The following diagram is commutative: 

UxU L2f^i ^ A 

col, col 

A x A A x A 9- A 

Proof. Let a, b £ U, and let f = f a arid g = gi,. Recall that g crc b(T) = <#,(1 — (1 
T) c ). In Coleman's paper [C], he shows that 

(a,b) r = \ V £(/)(l-0Dlog( ff )(l-0 modp'-Zp. 
P , 

Let log(/)(T) = J2x n {l - T) n and log( 5 )(T) = £y m (l - T) m . Note that 

£(/)(T) = £> B (i-ir 

and 

Dlog( 3(Tc _ lb )(T) =^c- 1 my m (l - T) c ™. 
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Coleman's formula then gives 

(a,a c -ib) r = 4: Y Y c' 1 my m x n {C) c ' lm+n mod f 

i&fipr {n,m : p\n} 

Now, since ^ Ylgefj, r & = 1 if P r I J an d otherwise, we see 
(a,a c -ib) r = Y c" 1 

mod p r . 

{n,m : p r \c~ 1 m-\-n , pfn} 

On the other hand, we compute 

tD£(f) * £(g)(T) = Y nx n y m (l - T)- mrrl mod (p r ,u r ) 



n,m : p\n,m 



Y Y nx n y m \ {1-T) C mod (p r ,uj r ) 

cGZ/p r Z x \m=ncmodp r J 

= "Y^ ( a > cr c -ib) r {\ — T) c mod (p r , ui r ) 



c£2 



□ 



5.2. We complete the proof of lemmas [4.41 and 14751 

Proof. (Of lemma |4~4"|) The diagram is obtained by restricting one of the U factors 
in lemma [5TT1 to the cyclotomic units. □ 



Proof. (Of lemma l4~5"j) From lemma B~4l we have 
0- 



x 1 



X 1 



x 1 



col 









*~ A — ^ A A/C x -i 

When we apply Iwasawa adjoint, the non-zero part of the resulting complex is: 

e (x;_o s- E°(C/^l 1 ) -E^X^) -E 1 ^) 

E 1 ^)' 

A : ~ V ^ A/£ x -i 



the diagram is: 



We have E (X i) = Eg, and E ({/ ,.) = Ug, by the Colman power series. So 



cor 1 













A 



■A. 



■0 



In the proof of Iwasawa's theorem, one shows that the Coleman power series 
maps Cg~ isomorphically on to £ x -iA. We can now read off the desired exact 
sequence. 

□ 
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